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An asymptott self-simila solution is obtainel for the one-poir probability densiy function (pdf)
equation of a passie scala with uniform mean gradienn in incompressitd homogeneous
turbulencelt is arguel tha the same solution shoud be avalid approximatio when turbulene is
generatd in a high-qualiyy wind tunnel The asymptott pdf shag is a unigue function of the
conditionad expectatio of the normalizel scala dissipation rate The mean scala gradient modifies
the scala pdf shag only if the conditiond expecté velocity componehin the direction of the mean
gradien is anonlinea function of scala fluctuation value Experimenth dat from wind tunnel
studies are consisten with the sign and scak of the changs producel by thes nonlinearities.
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A long-standig idealized problem in homogeneositur-
bulert transpot of a dynamicaly passie scala quantiy is
the ca® in which, in an unboundd domain a uniform mean
scala gradien of the scala isimposael initially in adirection
perpendiculato the constam unidirectiond mean velocity of
the flow. The pedigre of this problem includes the original
work of Corrsin! who showed analytically, tha the mean
scala gradiert remairs constan as the scala fluctuations
devel@ and the scala fluctuatiors are statisticaly homoge-
neots in planes orthogonato the mean velocity. Subsequent
experimenthinvestigatios in wind tunnels® with the uni-
form mean scala gradiern generatd by heatirg devices at an
upstrean location hawe shown tha Corrsin’s predictiors ap-
ply with goad accuray in the centerlire region of the wind
tunnel.

There is awell-known solutiorf for the asymptoti form
of the pdf of the scala field in the ca® when the imposed
mean scala gradien is zera For the scala normalizel by its
root mea squae value, ¢, its pdf is describé by asingle

independenof the initial conditions This resut motivated
Sina and Yakhot* to seart for the limiting probability dis-
tribution of a scalar without mean gradient in a random
velocity field. Noting that there could be no limiting stat for
the time-evolvirg pdf of a non-normalizd scalar they ob-
tained a pdf equatia for the normalizel scala and showed
that the limiting pdf is aunique function of the conditional
expectatio of the normalizel scala dissipatio rate y(®P),
wher & is avalue of the randan variable ¢'. Jayesh and
Warhaft found with sorre surprise tha the theory’s predic-
tion for the zeo mean cas fit very well therr wind-tunnel
experimenthresuls for a scala field with a mea gradient.
This resut suggest tha the mean gradient,3, has no direct
effed on the shag of the pdf.

The transpot equatian of a passie scala with mean
gradientg is®

de
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parameter say y, the expected value of the mean square

scala gradien conditionel on the scala value In this paper
we obtan the correspondig asymptott form of the scalar
pdf when the mean scala gradien is nonzero It will be
shown tha this solution which is exa¢ when both the tur-
bulene and scala fields are statisticalfy homogeneousis
described in general by x and a second parametef, ,
which is the expecte value of the componeh of turbulent
velocity in the direction of the mean scala gradien condi-
tioned by the scala value Here F, plays aroleonly if itisa
nonlinea function of scala value.

We argue from experimenth evidence tha the same
solution is avalid asymptott approximatio for the case of
wind-tunné turbulene when the mean scala gradien is uni-
form, and tha measurd smal nonlinea componerg of F,
are consistehwith observatios of the scala skewnes and
flatnes factors in wind-tunné experiments.

Eswara and Popé found in their numeric& simulations

whereg is the scalar concentration fluctuatidh,is the mean
velocity (in the x direction, v is the fluctuating velocity and
v is the componen of v in the y direction which is the

direction of the uniform mean scala gradient ard D is mo-

lecula diffusivity assumd to be constant Yakhot' consid-
eral the limiting probability distribution of ¢ in the context
of high Rayleich numbe Bénard convection His solution
suggestd tha an exponentiadistribution of ¢, at smalle, is

a consequere of the plume-like structue of the velocity

field of the Benard problem at a high enoudy Rayleigh num-

ber. Our contribution deak with the possibk effects of the
mean gradien ard the condition&l normalizel velocity in

wind-tunne turbulence.

From (1),

IPrms IPrms V'<V§02>
+U +
ot ox 2¢@ms

of a passie scalar,p, advected by a stationary homogeneous

turbulence that the probability distribution for the normal-
ized scalar,¢’ = ¢/ ¢y, arrived at an asymptott distribution
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where we hawe omitted from the brackete terns on the
right-hard side of (2) a molecula diffusion term,
(D/2)V?¢2 ., which is ze in homogeneosifields and in
grid turbulence is negligible’ compare to the dissipation
term D((V <p)2>. Angular brackes denot an ensemhs aver-
age.

Combinirg (1) ard (2) and using the following defini-
tions= v’ =v/Uyps, @' =l orms, B’ = BUimnd Prms.
€ =(D(Velomd?), andp=(v’'¢'), whereu,s is the turbu-
lent velocity scale we find

d e’ ' d V - (ve?
9 % vvent (u oms_ V-{ve?)
ot 28 Prms 2 2¢@ims
3
VZQD ! i li ! ! ()
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Following the procedue of O'Brien® ard Pope® the
equatia for the pdf, P(®;Xx,t), can be written as

P d v V- (vp?
+U —+v (FP)— — [(F ems_VAve) @P}
(9 I Prms 2§Drms
52 Vop\?
-D VP=—-—— D< —) ’=<IJ>P
ID? Prms, ¢
i 'E,P—(e' + 8 p)PP 4
+ g [B'F.P—(e'+ 8 p)®P], (4
wheren  F=(v|¢'=®),  D{((Velgmdie'=P),  and

=(v'|¢'=®) are, respectively, the expected velocity

fluctuation vector, scala dissipation and y-componeh nor-
malized velocity fluctuation all conditioneal on the value of
the normalizel scala fluctuation .

When the turbulene and scala fluctuatiors are statisti-
cally homogeneousdt can be sea tha all terns on the left-
hard side of Eq. (4) are identicaly zerq except dP/dt,
which is asymptoticalf zer in the limit of large times if a
limit solution P(®), exists This is the sanme condition as-
sertel by Sina ard Yakhot? Only the terms on the right-
hard side of (4) reman for the limiting solution An exact
solution is easiy obtaina for this case but we postpone
presentig it until the ca® of decayiry turbulene in awind
tunné is examined The inhomogeneitis in the streamwise
direction then add sorre complexity to solving Eq. (4). How-
ever, an approximag solution which has the sane form as
the exad solution in the statisticaly homogeneosicase can
be argual from experimenthevidence Namely, the terms on
the left-hard side of Eq. (4) are effectively negligible com-
pared to the terns on the right-hard side of (4). A brief
analyss of the terms on the left-hard side of (4) follows.

The first term on the left-hard side of (4) is zem since
wind-tunné turbulene is stationary Experimens in wind
tunnel$> have shown® as expectedtha the third term on
the left-hard side of (4), turbulert transpot of probability,
ard the lag temm on the left-hard side of (4), molecula dif-
fusion of probability, are both negligible compare to the
production and dissipatia terns on the right-hard side of
(4). Similarly, experiment¥ hawve shown tha V- (ve?)/2¢2 .,
the turbulent transpot of (¢?), is negligible compare to €,
the rate of dissipatim of (¢?), which mears tha the second
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pait of the fourth tetm on the left-hard side of (4) is also
negligible The first pat of the fourth term can be assesskas
follows.~ We- note-~ that;~ in- wind-tunneh turbulence,
F-Vorumd ems=(U| " = D) - dpimd oims 9%, Where u is the x

componenhof the fluctuatirg velocity. It can be compare to

the lag tem in (4). That is,

<u|(P,:cD>"?‘Prms/(Prms &XNO(<U|(P,:(D>

®)

E!

urms

Thus considerig tha the unconditioned fluctuatirg veloc-
ity is identically zem and the dependene of its conditioned
streamwig componeh on & is negligible if not zerg we
argwe tha the first pat of the fourth term on the left-hand
side of (4) can safely be neglected Furthermore the mea-
sure asymptott behavio of normalizel scala skewness
and kurtosis® which approab constantssuggeste tha the
secoml term on left-hard side of (4), U(dP/dx), is also ef-
fectively negligible compare to the productian and dissipa-
tion terms in wind-tunné turbulene as distane from the
grid becoms large and the limiting shag of P becomes
independenof x.

Thus the exad statisticaly homogeneosicase ard the
approxima¢ wind-tunné representation both satisl the
sane equatiom (4), with the left-hard side equa to zera On
integratirg (4), and assumig both P(®) and dp/dP decay
rapidly enoudn as |®|—x to se the constamof integration to
zerq we find

d B’

-5 (X(@)P(@)]={ = [F(®)~Dp]-(P, (6

where

_(D(Vg)?lg'=)
X= T (D(Ve))

is the normalizel conditiona dissipation.
The solution of (6) is

P(d))—Eexp(—J'q) ?dd))
% e X

exp{ FBPQ) F) ) (7)

As we noted above (7) is alimiting solution in the seng of

Sind ard Yakhot' if both the velocity and scala fluctuating
fields are statisticaly homogeneoudn the zero mean gradi-

ern case,B' =0, P(®) is determined byy alone and(7)

reducs to the solution obtainel by Sina and Yakhot? Even
if B’ is nonzero,(7) becomes independent @' if F, is

linear in @, sy F,=a®d. This follows from the requirement
that

+ o
f OF,(P)P(P)dP=p,
when a=p and F,=p®. One situation in which this must
occu iswhenv’ and ¢’ are jointly Gaussian.

Evidene from experimentadatd taken in wind-tunnel
grid turbulene shows tha F, , while nearl alinear function
of @ in a uniform mean gradienf is not precisey so. Its
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dependeneon ® is obviousy relatal to the statistich nature
of the turbulene tha carries the scalar and to the initial state
of the scala field. Ther is evidene of both a smal qua-
dratic and asmal cubic dependeneon ®. The latter affects
the flatnes factor, the former affects the skewnessBecause
both are smal effects we trea them separatsl in the follow-
ing analysis They cannad negae eat other.
Venkataramainand Chevray measurd F, in grid gen-
eratal turbulence There is evidene in therr resuls that F,
has acomponehwith acubic dependeneon ® (Ref. 2, Fig.
15). We estimae the cubic coefficiert to be negatie and
approximatef 1% of the linear coefficient That is,

F,=a(®+bd3),

where b~ —0.01.
In this case,

)

P:<v'¢’>:f F,e'P(¢’)de'=a(1+bk),

whetre kK is the kurtoss of ® (k=3 for a Gaussia distribu-
tion ard 6 for an exponentiadistribution. Hence

F =£(1+bd>2), 9
v 1+bk
ard the seconl exponentiafacta in (7) becomes
A 4 kA ’
exp(—ZCD +7<I>), (20

wher A= —(B'/€' x)p[b/(1+bk)]. For b small, A is lin-
ea in b and its magnituc is approximatef |b| sinces’p/€’ x
is of orde unity due to the approximag¢ balane of produc-
tion and dissipatia of scala fluctuatiors in the flow. For a
modera¢ value of ® the factar (10) can then be approxi-
matel by 1+ 3|b|(®*—2kd?), which is greate than unity
when |®| > /2k and less than unity arourd the origin of ®.
Consequentlya smal increag in flathes factar can be ex-
pectal when the conditionel expectd velocity in the direc-
tion of the mean gradien has acubic dependengon scalar
fluctuatirg value with anegative coefficient.

A dominarn facta in determinirg the flatnes factar of
P(®) islikely to be x, which, if the small-scale structure of
the scala field is isotropig is necessar symmetrc in ® and
modifies P(®) symmetrically On the othe hand experi-
mentd data (Ref 3, Fig. 11) suppot a slightly positively
skewal probability densiy function P(®) unde a uniform
mean scala gradient while at the sane time y is symmetri-
cally distributed for smal ®. Othe wind-tunné data? with-

out measuremenof y, shows the same asymmetry. A qua-

dratic dependene of F, on ® can produ@ asymmety in
P(®), ard measurd dat& suppot the prescription

F,=a(®+cd?), (12)

where c~ —0.01 has bea estimate from the experiments
mentionel above.
Proceedig as before we find

Phys. Fluids, Vol. 8, No. 9, September 1996

F,=p®(1+cd)(1+cs) 1,

where s is the skewnes of P(®), which is approximately
s=0.1 In this cas (10) becomes

B
ex 3

wher B=(B'/€' x)p[c/(1+cs)], and(12) can be approxi-
mated for smal ¢ and s and moderag¢ |®|, by

®3 sPp?
When @ is negative P(®) is reducel by this facta and,
when @ is positive ard =3s, P(®) is enhancedA small
positive skewnes can be expecte when the conditional ex-
pectal velocity in the direction of the mean scala gradient
has aquadratt dependene on the scala fluctuatin value,
with a negatie coefficient.

In conclusion we asset that there is an asymptott so-
lution (7) for the pdf of a scala in homogeneositurbulence,
which includes the cas of a uniform mean scala gradient.
However the scala pdf is independenof the mean gradient
if the expectd value of the velocity componenin the direc-
tion of the mean gradient when conditionel on the scalar
fluctuation value is alinear function of suc avalue Mea-
suremery in wind-tunné flows with a uniform scala gradi-
ert shov evidene tha the conditional velocity has small
guadratt ard cubic nonlineariy componers with respetto
scala fluctuation value We hawe shown tha the sign and
magnituek of the measurd changs in the scala pdf in grid
turbulence with uniform scala gradient is consisteh with
solution (7). The derivatian of (7) shows it to be aplausible
solution for grid turbulene generatd in awind tunnel.

sB
q>3+7 <D2>, (12

1S, Corrsin “Heat transfe in isotropic turbulence,” J. Appl. Phys 23, 113
(1952.

2K. S. Venkataramainand R. Chevray “Statisticd feature of hea transfer
in grid-generatd turbulence Constan gradien case,” J. Fluid Mech 86,
513 (1978.

3Jayek ard Z. Warhaft “Probability distribution conditiona dissipation,
and transpot of passie temperatue fluctuatiors in grid-generate turbu-
lence,” Phys Fluids A 4, 229 (1992.

4Ya. G. Sind and V. Yakhot “Limitin g probability distributiors of a pas-
sive scala in arandan velocity field,” Phys Rev. Lett. 63, 1962 (1989.
5V. Eswara ard S. B. Popg “Direct numerich simulatiors of the turbulent
mixing of a passie scalar,” Phys Fluids 31, 506 (1988.

5A. Sahy ard E. E. O'Brien, “Unifor m mean scala gradien in grid tur-
bulence Conditional dissipation ard production,” Phys Fluids A 5, 1076
(1993.

V. Yakhot, “Probability distributiors in high-Rayleigh-numhe Benard
convection,” Phys Rev. Lett. 63, 1965 (1989.

8E. E. O'Brien, “The probabiliy densiy function (pdf) approa to react-
ing turbulent flows,” Turbulert Reactiy Flows (Springer-VerlagBerlin,
1980, p. 185.

S. B. Pope “Pdf method of turbulert reactive flows,” Prog Energy
Combus Sci. 11, 119 (1985.

10A . Sirivat and Z. Warhaft “Th e effea of a passie cross-strea tempera-
ture gradien on the evolution of temperatue variane and hed flux in grid
turbulence,” J. Fluid Mech 128 323 (1983.

Brief Communications 2557

Copyright ©2001. All Rights Reserved.



