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ABSTRACT 

 
Dual-mode scramjets, which are the systems of primary interest in this study, have intricate dynamics, 

including complex and unsteady pseudo-shock phenomenon, thermal choking, and the potential performance 

issue of unstart, that need to be thoroughly understood in order to design realistic air-breathing hypersonic 

vehicles. Our interest focuses on the manner in which pressure is treated within the laminar flamelet 

framework to modeling turbulence-combustion interaction. The laminar flamelet method provides a highly 

efficient means of modeling combustion when the mass fractions of a large number of species are of interest. 

However, the original approach was developed for combustion in low-speed flows. Extension to high-speed 

flows has been done in several ways in our work, including the addition of pressure as an independent 

variable of the flamelet library and using several formulations for this. To further improve model fidelity, 

several progress variable interpolations from the S-curves of opposed-jet flames have also been investigated 

in our work. The observations from our studies emphasize the need to be critical about the precise sub-

models when judging the accuracy of the flamelet method for supersonic combustion simulation. 
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1. INTRODUCTION 
 

Supersonic combustion [1,2] has many peculiarities when compared to its low-speed counterpart. For 

internal supersonic combustion systems such as those found in dual-mode scramjets, intricate dynamics, 

including complex and unsteady pseudo-shock phenomenon [3], thermal choking [4] and the potential 

performance issue of unstart, have to be thoroughly understood in order to design realistic air-breathing 

hypersonic vehicles. Of particular interest in the present work is the role of pressure fluctuations as they 

affect combustion dynamics under supersonic conditions. With this interest in mind, we focus on the manner 

in which pressure is treated in the laminar flamelet approach to modelling turbulence-combustion interaction 

in turbulent supersonic combustion. The laminar flamelet approach [5] was originally developed for 

combustion in low-speed flows. Thus, the need arises to extend the procedure to supersonic combustion. 

This has been done in several ways in our work [6], including the addition of pressure as an independent 

variable of the flamelet library and using several formulations for this. To further improve model fidelity, 

several progress variable interpolations from the S-curves of opposed-jet flames have also been investigated 

in our work. Some details are provided in this paper. 

 

2. MODELING APPROACH 

2.1 The LES Equations  
The fully compressible form of the large-eddy simulation (LES) equations for  continuity, momentum, and 

energy are solved together with the filtered transport equations for the mixture fraction, Z, and progress 
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variable, C. Appearing in the equations are independent variables ),,,( zyxt which are time and the three 

spatial coordinate directions, respectively. The equations are Favre-filtered, to give the dependent variables 

 the density, p  the static pressure, iu~  the velocity component in the i
th
 physical-coordinate directions ix , 

and E
~

the total specific energy: 
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where T  is temperature, pc  is specific heat at constant pressure and 
SGSk  is the sub-grid turbulent kinetic 

energy. Bilger's equation is used to define the mixture fraction. In the equations, overline on a variable 

implies Reynolds-averaging, tilde denotes Favre-averaging and the subscript “t” refers to turbulence 

quantities. The filtered viscous stress tensor, ij  , and the heat flux vector, jq  , are based on the filtered flow 

variable. The sub-grid scale (SGS) terms are resolved using the Smagorinsky model and the parameters are 

determined empirically, or are dynamically computed using the formulation in, with the modifications 

proposed by Lilly:  
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where h  is the enthalpy,   is the kinematic viscosity and the unclosed viscous work, 
SGS

j  , is assumed to 

be zero. The heat release rate, Q
~

, and reaction rate of progress variable, C
~
 , are obtained from flamelet 

table. The CFD code used for solving the compressible flow equations is called AEROFLO [7], which is a 

significantly enhanced version of the high-order FDL3DI code developed at the Computational Sciences 

Branch of Excellence at the Wright-Patterson Air Force Base [8].
 
 AEROFLO is based on high-order 

curvilinear, finite difference schemes, with advanced overset capabilities. The large-eddy simulation (LES) 

procedures in AEROFLO include the standard and dynamic Smagorinsky models, Vreman’s version of the 

Smagorinsky model, and the approach by Menon which involves the solution of an evolution equation for 

the sub-grid scale turbulence kinetic energy. AEROFLO supports the sixth-order compact schemes and 

several versions of the fifth-order weighted essentially-non-oscillatory (WENO) schemes. Second- and third-

order spatial discretization with the MUSCL schemes is also supported in the tool. The time integration 

methods in the code include backward Euler, the trapezoid rule, fourth-order Runge-Kutta, third-order total-

variation-diminishing (TVD) Runge-Kutta, and Beam-Warming-type approximate factorization. For the 

present study, MUSCL and the Beam-warming schemes are used for spatial and temporal integrations, 

respectively. 

 

2.2 Generation of the Flamelet Library  

 
The flamelet libraries are generated by solving the governing equations for opposed-jet flames (OJF) [9]:  
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where 
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1 , rv  and xv  are radial velocity and axial velocity, respectively,   is 

the thermal conductivity, iW  is the molecular weight of species i , and   is the dynamic viscosity.  

To solve OJF equations above, we use the arc-length continuation method. Thus the equations are written 

as [10]: 

  0;
~

iF ,                 (9)

          

where 
~  is the solution vector: 

   4,,1,,,,,
~

 Ypjij NNjHUGTY  ,              (10) 

where pN  is the number of grid points, YN  is the number of species in the mechanisms and λ is a suitably 

selected physical parameter. To improve the conditioning of the equations, a new variable, pseudo-arc-length, 

s, is introduced to re-parameterize the solutions in the form (    ss  ,
~

) , where λ then becomes an 

eigenvalue. An extra scalar equation is adopted such that the dependence of s on the augmented solution 

vector is written as 

 

    0000,max,max0max,  sTTTN  ,             (11)

   

where the phase space (    ssT ,max ) has been used instead of the standard (  ,
~

) that is commonly used 

in the literature. A predictor-corrector method is used to obtain the solution vector. Details are available in 

[10].  

 

2.3 Pressure Treatment in the Flamelet Library  

 
Pressure has been added as an independent variable in the flamelet library, for the purpose of accounting for 

the effects compressibility-induced pressure fluctuations on supersonic combustion. Three seven-pressure-

level (SLP) flamelet libraries are generated for the simulation of hydrogen-air flame (10-species, 19-

reactions [11]) to represent the three branches of the S-Curve, with the pressures being: 0.2, 0.4, 0.6, 0.8, 1.0, 

1.5, and 2.5 atm. In addition to SLP, separate background pressure values of 0.2, 1.0, and 2.5 atm. are also 

included in the flamelet library. 

 

2.4 Progress Variable Interpolation from the S-Curve  

 

One flamelet library is generated for each of the three branches of the S-curve. The subscripts “0”, 

“1/2”, and “1” are used to represent the stable burn library, unstable burn library, and pure mixing 

library, respectively. The stoichiometric progress variable value, stC , is used to measure the local 

reaction progress. Since hydrogen-air flame is of interest in this work, the mass fraction of water is 

chosen to define the progress variable: 
OHYC

2
  . Several progress-variable-based interpolation 

methods have been investigated, as follows. In Linear Progress Variable Interpolation (LPVI), the 

variables 







 ci QY  ,, are linearly interpolated depending on the values of the progress variable 

(PV) obtained from the solution of its filtered transport equation, vis-à-vis the values obtained from 

the flamelet library. For the Stable Branches PV model, only the stable (upper and lower) branch 

libraries are used, whereas in the Upper Branch Only model, only the stable burn library is used. In 

the Middle Branch Only model, only the unstable burn library is used. 
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3. VALIDATION AND RESULTS 
 

Two problems have been used to validate the models proposed in this work. The first is the supersonic 

hydrogen-air jet flame in [12]. The non-dimensional heat release distribution versus the non-dimensional 

flame length was compared between our simulations and the experimental results in [57]. It was found that 

SLP pressure model combined with LPVI gives the correct distribution of the heat release rate, which has a 

log-normal profile. The goodness-of-fit, ,2R  is 91%, meaning that the log-normal model explains 91% of the 

variability of the numerical data around its mean. An alternative numerical simulation using a more typical 

flamelet condition – that is, the single pressure (1.0 atm.) library and Upper-Only PV interpolation, gives a 

Gaussian profile, which is the distribution associated with low-speed combustion using the standard library 

generation procedure. Details of the validation exercise are contained in [6].  

 

A supersonic combustor [13], with a height of 20 cm and a length of 131 cm, has also been investigated. The 

geometry (Fig. 1) has a close resemblance to the HyShot test model. A transverse fuel injector is placed 14 

cm from the inlet. The schematic of the combustor can be found in Fig. 1. Only half of the domain is 

simulated on the assumption of symmetry and, as in the source of the test case [13], two-dimensional grids 

are used. Hydrogen fuel is injected sonically into the combustor through a vertical choked port of 0.1 cm in 

diameter. The minimum grid spacing adjacent to the wall is chosen to be 20 μm, which gives a wall 
y  

value of unity. Grid convergence using three grids was established for the calculations. Additional validation 

of the flamelet procedures has been obtained in this study by calculating the same problem using the 

transported species approach and laminar chemistry. Details of similar procedures can be found in [14]. 

Qualitatively, the results agree quite well [6]. 

 
Fig. 1 Schematic of the supersonic combustor. 

Sample results are shown in Figs. 2 and 3 below, respectively for the pressure and progress variable models. 

Significant effects of pressure and progress variable modeling are evident in these results. 
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Fig. 2 Effects of pressure model on reaction progress variable in supersonic combustion. 

 

 
Fig. 3 Effects of progress variable model on the temperature field in supersonic combustion. 


